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Fundamental Mathematics and Numerical Tools

• Take benefit of Grenoble’s potential which has a strong expertise both 
in pure mathematics and computer science.

Objectives of the project

• We plan to develop a new synergy at a national and international level 
around young researchers of several disciplines.  More than new 
theorems, we would like to introduce new highlights of difficult and 
important mathematical questions.

• Four color Theorem:  Coq software and  « Proof Assistant », 
certification.

• Hales approach, scientific computing: Kepler’s and the Honeycomb 
conjecture. Interval arithmetic and Optimization. Proof of Kepler’s 
conjecture!
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Dynamic Complerxity : Birkhoff’s sections

Section associated to a vector field

Understand the complexity of a vector field by a section

• Specialists of differential geometry work with classes of surfaces
• The non constructive Thurston theorem ensures the existence of 

simple representations for flat surfaces in the Hyperbolic context. 
How to identify such representations?
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Optimization among metrics

• Parametrization of metrics: local constraints of SDP type.  
Non convergence for P1 representations! Different scales 
are required to obtain convergence.

• Benchmarks: Explicit identification of Thurston invariant. Other 
parametrization of the problem ?

pp v 2 T
x

S, lim

n!1

1

n
log ||D

x

fn

(v)|| = log(�)

• Linearization, projection //, non smooth and large scale  
algorithm.
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What is a geodesic on a flat surface ?

• Combinatorial complexity: all the points/directions, Galois’s team

• Non Flat setting, geodesic approximation

• Curse of dimension



Un problème géométrique

S

V

fl0 = ”
x0

”
x

= fl(t, x)

fl0 = Ï

fl(t, x)

Les géodésiques sont solutions de l’équation de transport

ˆ
t

fl(t, x) + V · Ò
x

fl(t, x) = 0, fl(0, ·) = ”
x0 . (1)

"La géodésique la plus courte corresponde à un champ vectoriel V

et une donnée initiale x0 œ S pour lesquelles la solution de (??) et
la moins di�usée."

Question
Définir la di�usion pour un système dynamique: topological mixing,

mixing, ergodicity.
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We consider the heat equation with a drive term
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Équations de di�usion sur une surface plate

On considère l’équation de la chaleur avec un terme de drift

ˆ
t

flÁ(t, x) = Á�flÁ(t, x) ≠ V · ÒflÁ(t, x), flÁ(0, x) = Ï(x). (2)

S

V

Ï

flÁ(t, x)

La vitesse de di�usion de flÁ est déterminée par la valeur propre ⁄Á

≠ Á�uÁ + V · ÒuÁ = ⁄ÁuÁ,

⁄

S

uÁ = 0,

⁄

S

u

2
Á = 1. (3)

La fonction la moins di�usée est la fonction propre uÁ.
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We consider the heat equation with a drive term

The speed of di↵usion of ⇢✏ is represented by the eigenvalue �✏

�✏�u✏ + V ·ru✏ = �✏u✏,

Z

S
u✏ = 0,

Z

S
u2
✏ = 1.

The less di↵used function is the eigenfunction u✏.
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A PDE approach 

• For a fixed ✏, détermine the vector field V✏ which maximizes �(�✏�+V ·r).

• Study the properties of the optimal fiel V✏ and of the corresponding eigen-

function u✏.
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• Non Variational PDE, Non smooth Optimization when the 
multiplicity is >0. Bundle’s method.

A PDE approach 

• For a fixed ✏, détermine the vector field V✏ which maximizes �(�✏�+V ·r).

• Study the properties of the optimal fiel V✏ and of the corresponding eigen-

function u✏.
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et une donnée initiale x0 œ S pour lesquelles la solution de (??) et
la moins di�usée."

Question
Définir la di�usion pour un système dynamique: topological mixing,

mixing, ergodicity.

Emmanuel Russ, Bozhidar Velichkov Problèmes spectraux

Équations de di�usion sur une surface plate

On considère l’équation de la chaleur avec un terme de drift

ˆ
t

flÁ(t, x) = Á�flÁ(t, x) ≠ V · ÒflÁ(t, x), flÁ(0, x) = Ï(x). (2)

S

V

Ï

flÁ(t, x)

La vitesse de di�usion de flÁ est déterminée par la valeur propre ⁄Á

≠ Á�uÁ + V · ÒuÁ = ⁄ÁuÁ,

⁄

S

uÁ = 0,

⁄

S

u

2
Á = 1. (3)

La fonction la moins di�usée est la fonction propre uÁ.

Emmanuel Russ, Bozhidar Velichkov Problèmes spectraux

• Non convex problem: relaxation by considering small 
parameters?

• Non Variational PDE, Non smooth Optimization when the 
multiplicity is >0. Bundle’s method.

A PDE approach 

• For a fixed ✏, détermine the vector field V✏ which maximizes �(�✏�+V ·r).

• Study the properties of the optimal fiel V✏ and of the corresponding eigen-

function u✏.
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science received a particular attention in the last decades (for instance when it comes to shape
matching). Many practical questions have been addressed related to the comprehension of the
geometry of an object and its spectral data. Whereas progress has been made regarding for in-
stance the parametrization of meshed surface, manifold with a large genus (that is with many
holes) are still very challenging to manipulate or cluster. We expect that progresses in the math-
ematical understanding of the link between the geometry and analytic or dynamical properties
may also lead to significant progresses in these fields.

2 Objectives
The general goal of this project is to combine the knowledge of theoretical and applied mathe-
maticians in order to study optimal manifolds with respect to complex criteria, under complex
geometrical constraints. The main difficulty to achieve this purpose lies in that the comprehen-
sion of extremal manifolds requires fine mathematical parametrization. Related tools have been
developed in the areas of topology and dynamical systems but are still beyond the reach of ap-
plied mathematicians or computer scientists. This project plans to benefit from the expertise of
two teams in Grenoble University in the related fields of theoretical and applied mathematics to
produce original and promising studies in this direction: we indeed believe that the researchers
of the Fourier Institute, of the LAMA and of the Jean Kuntzmann Laboratory involved in this
project have the exact complementary skills which will make it possible to develop new ap-
proaches in the numerical approximation of optimal or critical manifolds and the analysis of
shape optimization problems under complex geometrical constraints.

We focus our project on three problematics in which both theoretical and applied mathemati-
cians are involved. By this proposal, our team targets progress on understanding deeper the
following three different fields of metric structures, dynamical systems and spectral theory.

3 Metric complexity [D.Bucur - G. Besson - É. Oudet - B. Thibert]

Metrics are the relevant mathematical tools to generalize the notion of length, shortest path and
curvatures for general surfaces. In the last decades, the theoretical point of view on these classical
geometrical notions generated a wide range of applications in many fields like data analysis in
high dimension, mesh matching, optimal transportation, etc.

We develop in the following paragraphs the part of our project related to the understanding
of abstract metrics. More precisely, we focus here on the identification of specific geometrical
objects which help to describe and quantify metric structures.

Figure 1: Two approximate isometric embeddings of a flat torus (the left illustration comes from
[29] and the central picture has been obtained by from [4]).
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